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Notation

Let Σ be some finite alphabet.
Languages: subsets of Σ∗ (the free monoid).
ε: the empty word.

Definition (Commutative language)
A language L ⊆ Σ∗ is called commutative if it is closed under arbitrary
permutation of words.

Example 0.1
U = {aab, aba, baa} is commutative, V = {ab} is not, as ba /∈ V .

The Parikh map ψ : Σ∗ → N|Σ|0 is

ψ(w) = (|w |a1 , . . . , |w |ak ),

where |w |ai denotes the number of occurrences of the letter ai in w .
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Shuffle Operation

Definition (Shuffle operation)
The shuffle operation, denoted by �, is defined by

u� v :=

{
x1y1x2y2 · · · xnyn |

u = x1x2 · · · xn, v = y1y2 · · · yn,
xi , yi ∈ Σ∗, 1 ≤ i ≤ n, n ≥ 1

}
,

for u, v ∈ Σ∗ and L1 � L2 :=
⋃

x∈L1,y∈L2
(x � y) for L1, L2 ⊆ Σ∗.

{ab}� {cd} = {abcd , acbd , acdb, cadb, cdab, cabd}
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Iterated Shuffle

1. The Iterated Shuffle is L�,∗ =
⋃

i≥0 L
i,� where L0,� = {ε} and

Li+1,� = Li,� � L.

2. The regular languages are not closed under iterated shuffle in
general.

3. Example: {ab, ba}�,∗ = {words with equal number of a’s and b’s}.

For what languages is the iterated shuffle regularlity-preserving?

In my previous talk (Monday) I addressed this issue and mentioned that
for group languages, this holds true (actually, more general, for
polynomials of group languages).

Here, we investigate this question for the subclass of commutative
regular languages.



Iterated Shuffle

1. The Iterated Shuffle is L�,∗ =
⋃

i≥0 L
i,� where L0,� = {ε} and

Li+1,� = Li,� � L.

2. The regular languages are not closed under iterated shuffle in
general.

3. Example: {ab, ba}�,∗ = {words with equal number of a’s and b’s}.

For what languages is the iterated shuffle regularlity-preserving?

In my previous talk (Monday) I addressed this issue and mentioned that
for group languages, this holds true (actually, more general, for
polynomials of group languages).

Here, we investigate this question for the subclass of commutative
regular languages.



Iterated Shuffle

1. The Iterated Shuffle is L�,∗ =
⋃

i≥0 L
i,� where L0,� = {ε} and

Li+1,� = Li,� � L.

2. The regular languages are not closed under iterated shuffle in
general.

3. Example: {ab, ba}�,∗ = {words with equal number of a’s and b’s}.

For what languages is the iterated shuffle regularlity-preserving?

In my previous talk (Monday) I addressed this issue and mentioned that
for group languages, this holds true (actually, more general, for
polynomials of group languages).

Here, we investigate this question for the subclass of commutative
regular languages.



Iterated Shuffle

1. The Iterated Shuffle is L�,∗ =
⋃

i≥0 L
i,� where L0,� = {ε} and

Li+1,� = Li,� � L.

2. The regular languages are not closed under iterated shuffle in
general.

3. Example: {ab, ba}�,∗ = {words with equal number of a’s and b’s}.

For what languages is the iterated shuffle regularlity-preserving?

In my previous talk (Monday) I addressed this issue and mentioned that
for group languages, this holds true (actually, more general, for
polynomials of group languages).

Here, we investigate this question for the subclass of commutative
regular languages.



Commutative Regular Languages

We will use a characterization of commutative regular languages
by boolean operations.
Set

1. F (a, r , n) = {u ∈ Σ∗ : |u|a ≡ r (mod n)},
2. F (a, t) = {u ∈ Σ+ : |u|a ≥ t}.

Let Σ be a non-empty alphabet, a ∈ Σ and Γ ⊆ Σ.

1. F (a, 0, 1) = Σ∗.

2. F (a, 0, 2) ∩ F (a, 3, 4) = ∅.
3. F (a, 1) = Σ∗aΣ∗.

4. Γ∗ = Σ∗ \
(⋃

b∈Σ\Γ F (b, 1)
)

.
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Commutative Regular Languages

Theorem (Jean-Eric Pin, 1997)
The class of commutative regular languages is the boolean algebra
generated by languages of the from F (a, t),F (a, r , n), where t ≥ 0,
0 ≤ r < n and a ∈ Σ.

Definition
A diagonal periodic language over Γ ⊆ Σ is a language of the form

�
a∈Γ

aka(apa)∗,

where ka ≥ 0 and pa > 0 for a ∈ Γ when Γ 6= ∅, or the language {ε}.

Proposition
The diagonal periodic languages are regular and commutative.
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Commutative Regular Languages

Proposition
The iterated shuffle of a diagonal periodic language L ⊆ Σ∗ over Γ ⊆ Σ∗

is a finite union of diagonal periodic languages. In particular, it is regular.

Proof.
Let L =�a∈Γ a

ka(apa)∗ with ka ≥ 0, pa > 0.

⇒ L�,∗ = {ε} ∪
⋃

m>0�a∈Γa
m·ka(apa)∗.

Set N = lcm((pa)a∈Γ).

We have m · ka + ra · pa = (m − tN) · ka + (ra + t N
pa
ka) · pa. Choose

t ≥ 0 s.t. 1 ≤ m − tN ≤ N.

⇒
⋃

m>0�a∈Γa
m·ka(apa)∗ =

⋃N
i=1�a∈Γa

i·ka(apa)∗.

So,

L�,∗ = {ε} ∪
N⋃
i=1

�a∈Γa
i·ka(apa)∗.
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Commutative Regular Languages

Proposition
The positive boolean algebra generated by languages of the form F (a, k),
F (a, k, n), 0 ≤ k < n, Γ+ and Γ∗, Γ ⊆ Σ, is precisely the language class
of finite unions of the diagonal periodic languages.

Theorem
Let L ⊆ Σ∗ be in the positive boolean algebra generated by languages of
the form F (a, k), F (a, k , n), Γ+ and Γ∗ for Γ ⊆ Σ. Then, the iterated
shuffle of L is contained in this positive boolean algebra. In particular,
the iterated shuffle is regular.

Proof.
By the above, (U ∪ V )�,∗ = U�,∗

� V�,∗ and the fact that shuffle
distributes over union.
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Finite Commutative Languages

Theorem
Let L ⊆ Σ∗ be a finite language. Then, perm(L)�,∗ is regular if
and only if for any a ∈ Σ with Σ∗aΣ∗ ∩L 6= ∅ we have a+ ∩L 6= ∅.

Corollary
Let u ∈ Σ and L ⊆ Σ∗ be a finite language. Then,
perm(u)� perm(L)�,∗ is regular if and only if for any a ∈ Σ with
Σ∗aΣ∗ ∩ L 6= ∅, we have a+ ∩ L 6= ∅.

1. The iterated shuffle of {ab, ba} ∪ {c}� {a, b}∗ is not regular.

2. The iterated shuffle of {ab, ba}� {c}∗ ∪ {ac}� {a, b}∗ is not
regular.

3. The iterated shuffle of
{ab, ba} ∪ {c}� {a, b}∗ ∪ perm(abb)� {a, b}∗ is regular.

4. The iterated shuffle of
{ab, ba} ∪ {c}� {a, b}∗ ∪ perm(abb)� {a}∗ ∪ {bb} is regular.
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⇒

1. W.l.o.g there exists a ∈ Σ such that |u|a > 0 implies u /∈ a+ and
|v |a > 0 for at least one v ∈ L.

2. (Ehrenfeucht, Haussler, Rozenberg 1983) perm(L) is regular iff ψ(L)
is a finite union of sets of the form

u + {c1u1 + . . .+ cmum | c1, . . . , cm ∈ N0, u1, . . . , um ∈ A}

for u ∈ N0 and finite A ⊆ {c · ψ(a) | a ∈ Σ and c ∈ N0} (ψ(a) are
standard basis vectors).

3. With the assumption, we can show that an affine one-dimensional
set of the form u + N0 · cei for some stretched standard basis vector
cei intersects with finitely many (slanted and shifted) rays infinitely
often. However, by assumption these rays are not parallel to any ei ,
hence (linear algebra) each ray has precisely one intersection with
the ray N0 · ei .
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⇐
1. Let L = {u1, . . . , un}. W.l.o.g. Σ = {a1, . . . , ak} and ui ∈ a+

i for
{u1, . . . , uk} ⊆ L. Set mi = |ui | = ψ(ui ) for i ∈ {1, . . . , k}.

2. For i > k write ψ(ui ) = x1ψ(a1) + . . .+ xkψ(ak).
Then, m1 · · ·mkψ(ui ) = x1

m1···mk

m1
ψ(u1) + . . .+ xk

m1···mk

mk
ψ(uk).

3. So c1ψ(u1) + . . .+ cnψ(un) equals(
c1 + xa1

m1 · · ·mk

m1

)
ψ(u1)+. . .+

(
ck + xak

m1 · · ·mk

mk

)
ψ(uk)+. . .+

ci−1ψ(ui−1) + (ci −m1 · · ·mk)ψ(ui ) + ci+1ψ(ui+1) + . . .+ cnψ(un).

4. Hence, L�,∗ equals:

⋃
(ck+1,...,cn)

0≤ci<m1···mk

perm(u∗1 )�. . .�perm(u∗k )�perm(uck+1

k+1)�. . .�perm(ucnn ).

For i ∈ {1, . . . , k}, we have ui ∈ a+
i , so perm(u∗i ) = u∗i .
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Open Problems

1. Characterize the class of commutative languages whose iterated
shuffle is regular in easy terms (for example, as a (positive) boolean
algebra).

2. Smaller Step: Do this for the star-free commutative languages (a
sufficient condition is in the paper).

3. Computational Complexity to decide regularity of the iterated shuffle
of commutative languages. (The given criterion for finite languages
is easily seen to be in P).

4. Construct (optimal) automata in case the iterated shuffle is regular.


